Broué and Rickard defined in their landmark papers [Br90] and [Ri96] the notions of an isotypy and a splendid equivalence between p-blocks of finite groups. Here, we define a notion of equivalence, which we call a p-permutation equivalence, that implies an isotypy and is implied by a splendid equivalence. Moreover, we study properties of p-permutation equivalences.
Introduction
Let G and H be finite groups and let A and B be p-blocks of G and H respectively, which have a common subgroup D of G and H as a defect group. Broué defined in [Br90] the notions of a perfect isometry and of an isotypy between A and B. Roughly speaking, a perfect isometry between A and B is an isometry between the character groups of A and B satisfying a certain arithmetic property with respect to p. An isotypy between A and B is a family of perfect isometries between the centralizers of subgroups P D in G and H, which are compatible in a sense that involves the generalized decomposition map. In [Ri96] , Rickard lifted the notion of an isotypy to a categorical level, by introducing the notion of a splendid equivalence. This consists of a finite chain complex of p-permutation (A, B)-bimodules, which via tensoring induces an equivalence between the homotopy categories of A and B. In the case of principal blocks, Rickard proved that taking the Brauer construction for the various subgroups P D of such a chain complex and then taking its generalized character, results in an isotypy. Broué's abelian defect group conjecture states that when D is abelian, H = N G (D), and A and B are Brauer correspondents, then there exists an isotypy, or even stronger, a splendid equivalence between A and B.
Rickard's work indicates that, if one wants to work on a Grothendieck group level instead of a categorical level, the appropriate home should be the trivial source ring of G × H rather than the family of character rings of all the centralizers of subgroups P D in G and H. Consequently, we define a p-permutation equivalence between A and B as an element γ in the representation ring of p-permutation (A, B)-bimodules which satisfies γ · γˇ= [A] and γˇ· γ = [B] in the representation rings of (A, A)-bimodules and (B, B)-bimodules, respectively. Here, γˇdenotes the dual of γ. We understand the present paper as a first systematic study of the notion of a p-permutation equivalence. It is not difficult to see that a splendid equivalence induces a p-permutation equivalence, by just taking the alternating sum of the classes of the terms of the chain complex. In our main theorem, Theorem 1.11, we establish several properties of p-permutation equivalences under the assumption that D is abelian and that the Frobenius categories of A and B are equivalent. We show that p-permutation equivalences induce isotypies, which is not surprising but harder to show than in the case of a splendid equivalence. Moreover, we show that, by applying the Brauer construction with respect to a subgroup P D, one obtains a p-permutation equivalence between associated blocks of the centralizers of P in G and H. Moreover, it follows that the Brauer categories are equivalent. Additional technical difficulties compared to the case of splendid equivalences occur, since one has no longer objects, as for instance the local endomorphism ring of the splendid chain complex as tools.
Along the way of the proof of the main theorem we prove some results that might be of independent interest. In Theorem 2.4 (resp. Corollary 2.6) we establish commutative diagrams that interpret the generalized Brauer construction on p-monomial modules (resp. the Brauer construction on p-permutation modules) as lifts of the generalized decomposition map. Brauer's Second Main Theorem is then an immediate consequence. It is necessary to work with p-monomial modules, since (in contrast to p-permutation modules) their representation ring maps surjectively onto the character ring. In Lemma 3.5 and Corollary 3.6 we prove that (under suitable assumptions) a certain natural map between the generalized Brauer construction of the tensor product and the tensor product of the generalized Brauer constructions is an isomorphism provided that one of the factors is a p-monomial module.
A p-permutation equivalence, as an element in the trivial source ring of G × H is determined by the Brauer characters of its Brauer constructions with respect to certain diagonal p-subgroups ∆P . Since the normalizer of ∆P is not much bigger than C G (P ) × C H (P ), it seems that the notion of a p-permutation equivalence is not too far from the notion of an isotypy. We hope that in the future we can lift proven cases of isotypies to p-permutation equivalences. Also, we hope that with the help of computer programs we will be able to find (or disprove the existence of) p-permutation equivalences for particular groups of interest.
The paper is arranged as follows. In Section 1 we introduce the necessary notation and state the main results. In Section 2 we establish a link between the Brauer construction on p-monomial and p-permutation modules and the generalized decomposition map. In Section 3 we prove the main results along with some necessary lemmas.
1 Notation and statement of main results 1.1 Notation Throughout this paper we fix two finite groups G and H, a prime p, and a p-modular system (K, O, k) with the following properties: O is a complete discrete valuation ring with maximal ideal p; its residue field, k := O/p, is algebraically closed of characteristic p, and its field of fractions, K, has characteristic 0 and contains a root of unity whose order is a multiple of both exp(G) and exp(H), the exponents of G and H. The canonical surjections O → k and OG → kG will be denoted by a →ā. To simplify the notation, we often view OG, kG, and KG as (OG, OG)-bimodules in the natural way so that expressions like σaτ are defined for σ, τ ∈ OG and a an element of OG, KG, or kG. Similarly, we view a kG-module or KG-module M also as an OG-module and use the notation σm for σ ∈ OG and m ∈ M . This is why we can omit the bars in many instances as for example in 1.8.
Throughout, we fix primitive idempotents e and f of Z(OG) and Z(OH), respectively. We assume that the block algebras OGe and OHf have a common defect group D (which is contained in G and in H).
Whenever R is a commutative ring and M is an
and vice-versa. By G p we denote the set of elements of G whose order is not divisible by p. The notation U G (resp. U < G) indicates that U is a subgroup (resp. proper subgroup) of G. For g ∈ G we denote by c g : G → G the conjugation map defined by c g (x) = gxg −1 for x ∈ G. Moreover, if U is a subset of G we also write g U instead of gU g −1 .
1. 
We will use the same notations − · The following definition is modeled after Rickard's notion of a splendid equivalence. 
Definition
as R-modules. But this follows immediately from considering the mapping cone
Under additional assumptions on the local structure of A and B, Rickard (in the case of principal blocks, cf. [Ri96] ) and Harris (in the general case, cf. [Ha99] ) proved that applying the Brauer constructions with respect to ∆P , P D, to a splendid equivalence results in splendid equivalences on the local levels between certain blocks of the centralizers C G (P ) and C H (P ). In fact, Harris showed only a slightly weaker version in which no statement is made on the relative projectivity of the chain complexes obtained on the local level. We will obtain the relative projectivity of the local chain complexes in Harris' paper in the case of an abelian defect group as a consequence of Lemma 3.3. We will also show in Theorem 1.11 that a p-permutation equivalence induces p-permutation equivalences on the local levels and an isotypy between OGe and OHf . In order to state the main theorem we will recall the relevant notions for the reader's convenience.
1.6 By F p (G) we denote the Frobenius category of G with respect to p. Its objects are the p-subgroups of G. For P, Q ∈ F p (G) one defines the set Hom F p (G) (Q, P ) as the set of all group homomorphisms f ∈ Hom(Q, P ) for which there exists g ∈ G satisfying f (x) = c g (x) for all x ∈ Q. Moreover, for any subgroup U G we define F p (U, G) as the full subcategory of F p (G) whose objects are the p-subgroups of U .
For a p-subgroup P of G the Brauer map br P is the O-algebra homomorphism
where (OG) P denotes the P -fixed points of OG under the conjugation action. It restricts to a map
which, by abuse of notation, we denote again by br P (σ).
By B e (G) we denote the Brauer category of e. Its objects are the e-subpairs, i.e., pairs (P, ε) with P ∈ F p (G) and ε a primitive idempotent of Z(O[C G (P )]) with br P (e)ε = ε. One can define a partial order on the set of e-subpairs which is respected by the conjugation action of G, cf. [AB79] or [Th95] . Using this, for (P, ε), (Q, δ) ∈ B e (G), one defines Hom B e (G) ((Q, δ), (P, ε)) as the set of all homomorphisms f ∈ Hom(Q, P ) such that there exists g ∈ G satisfying f (x) = gxg −1 for all x ∈ Q and g (Q, δ) (P, ε). For any subgroup U of G we denote by B e (U, G) the full subcategory of B e (G) whose objects are the e-subpairs (P, ε) with P U .
1.7
For an OG-module M and a p-subgroup P the Brauer constructionM (P ) is defined asM
where for Q P the relative trace map tr
canonical epimorphism M P →M (P ) will be denoted by Br M P (or just Br P ). It is well-known that the Brauer construction induces a homomorphism
which composed with the inverse of the isomorphism
and it is well-known that this map restricts to a map T (OGσ) → T (O[N G (P )]br P (σ)), for every idempotent σ of Z(OG), cf. also Lemma 2.2 for a proof. If M is a trivial source OG-module we denote by M (P ) any trivial source
1.8 For an idempotent σ of Z(OG) we denote by R(KGσ) (resp. R(kGσ)) the Grothendieck group of finitely generated KGσ-modules (resp. kGσ-modules) and identify this group with the group of generalized characters χ (resp. Brauer characters λ) of G satisfying χ(σx) = χ(x) for x ∈ G (resp. λ(σy) = λ(y) for y ∈ G p , where λ(a) is defined as x∈G p α x λ(x) for a Brauer character λ and a = x∈G α x x ∈ OG). If σ = 1, we just write R(KG) (resp. R(kG)). The class of a KG-module (resp. kG-module) V in R(KG), (resp. R(kG)) will be denoted by [[V ] ]. Similarly, we identify K ⊗ R(KG) (resp. K ⊗ R(kG)) with the K-vector space of class functions on G (resp. on G p ) with values in K. If τ is an idempotent in Z(OH) we denote by R(KGσ, KHτ ) (resp. R(kGσ, kHτ )) the Grothendieck groups of (KGσ, KHτ )-(resp. (kGσ, kHτ )-) bimodules or the cor- KH) , and λ ∈ R(kG, kH) we define σγτ ∈ T (OGσ, OHτ ), σµτ ∈ R(KGσ, KHτ ), and σλτ ∈ R(kGσ, kHτ ) as induced by associating an (OG, OH)-bimodule M to the (OGσ, OHτ )-bimodule σM τ , and similarly over K and k. We also define the maps introduced in (1.2.a) and (1.2.b) in the obvious way for character rings and Brauer character rings.
For a cyclic
We will recover this result as a consequence of the approach presented in Section 2.
1.9 (a) Let σ and τ be central idempotents of OG and OH, respectively. In [Br90] Broué defined a perfect isometry between OGσ and OHτ as an element µ ∈ R(KGσ, KHτ ) satisfying the following conditions: 
(b) Next we adapt Broué's definition of an isotypy from [Br90] to our situation and call it a global isotypy. A global isotypy between OGe and OHf is a family of perfect isometries
such that the family of isometries
χ , P D, satisfies the following conditions:

commutes, where P denotes the subgroup of D generated by Q and x.
The above definition of a global isotypy is different from Broué's original definition in [Br90, Def. 4.6], since we do not require that the Brauer categories B f (D, H) and B e (D, G) are equivalent. We will see in the next lemma that this follows automatically, if the Frobenius categories are equivalent and D is abelian. Also, we require isometries I P for every subgroup P D, not only for the cyclic ones.
The following lemma makes the connection to the original definition of an isotypy clearer and will also be used in the proof of the main theorem.
Lemma Let (µ P ) P D , be a global isotypy between OGe and OHf as defined in 1.9(b).
For every
. Then there exists a bijection ζ between the objects of B f (D, H) and B e (D, G) preserving the first argument and having the following properties: H) . Moreover, the categories B e (G) and B f (H) are equivalent. Lemma 1.10 and the following Theorem 1.11 will be proved in Section 3. In the following theorem we prove several properties of p-permutation equivalences: Among others that (under additional hypotheses) they induce global isotypies and that via the Brauer construction they produce p-permutation equivalences on the local level. For the definition of the linear source ring L(OG) used in Part (d) of the following theorem see Subsection 2.1. 
Theorem Assume that D is abelian and that Hom
Fp(D,G) (Q, P ) = Hom F p (D,H) (Q, P ) for all p-subgroups P and Q of D. Furthermore, let γ ∈ T ∆D (OGe,(a) For P D one has γ(∆P ) ∈ T ∆D (O[C G (P )]br P (e), O[C H (P )]br P (f )); In particular, γ(∆P ) is ∆D-projective. (b) For P D, let µ P ∈ R(K[C G (P )]br P (e), K[C H (P )]br P (f )) denote the generalized character of the element γ(∆P ). Then, µ P is a perfect isometry between O[C G (P )]br P (e) and O[C H (P )]br P (f ). (c) For every (P, ϕ) ∈ B f (D, H) there exists a unique element (P, ε) ∈ B e (D, G) such that εµ P ϕ = 0, and conversely for every (P, ε) ∈ B e (D, G) there exists a unique (P, ϕ) ∈ B f (D, H) such that εµ P ϕ = 0. The
resulting maps between the objects of B f (D, H) and of B e (D, G) are inverse bijections. In the sequel we denote the so-defined map
(e) The family (µ P ) P D is a global isotypy between OGe and OHf (in the sense of Definition 1.9(b)).
( 
H). Then one has (Q, ψ) (P, ϕ) if and only if ζ(Q, ψ) ζ(P, ϕ). Moreover, the categories B e (G) and B
We denote the G-stabilizer of (P, ϕ) by N G (P, ϕ). Note that P N G (P, ϕ). The set M p G is partially ordered by (Q, ψ) (P, ϕ) : ⇐⇒ P Q and ψ = ϕ| Q .
Recall from [BK00] that for any OG-module V and any (P, ϕ) ∈ M p G the generalized Brauer constructionV (P, ϕ) is defined as
where V (P,ϕ) := {v ∈ V | xv = ϕ(x)v for all x ∈ P } and tr
G with R P and ψ = ϕ| R (see [BK00] for more details). The natural epimorphism V (P,ϕ) →V (P, ϕ) will be denoted by Br V (P,ϕ) . Note that if ϕ = 1, then we havē V (P, 1) =V (P ) and Br 
Up to isomorphism, the module V is uniquely determined by V and (P, ϕ) and we denote it by V (P, ϕ) . By [BK00, Theorem 3.5], the inclusion V → V induces an isomorphism between the reduction V (P, ϕ)/pV (P, ϕ) andV (P, ϕ). If V is a trivial source OG-module and ϕ = 1, then we have V (P, 1) ∼ = V (P ).
For every linear source
and
Lemma Let σ be a central idempotent of OG, let V be a linear source
OGσ-module, and let
Proof It suffices to show the statement forV (P, ϕ). So let v ∈ V (P,ϕ) and write σ = g∈G α g g with α g ∈ O for g ∈ G. We have
and it suffices to show that
for every P -conjugacy class C of G containing an element x / ∈ C G (P ). But in this case,
is a proper trace and the lemma is proved.
2.3 Next, let P be a p-subgroup, let u ∈ P , and let ζ ∈ O be a root of unity whose order is equal to the order of uP ∈ P/P , where P denotes the derived subgroup of P . Then we have a map
which restricts to a map
for every central idempotent σ of OG, by Lemma 2.2. Note also that the diagram

commutes for all u ∈ P , where the left vertical map is the inclusion map and the right vertical map maps the class maps
In fact, for every trivial source OG-module V we have V (P, ϕ) = 0 unless ϕ = 1, and V (P, 1) ∼ = V (P ).
Note that we have a commutative diagram
κ G
where κ G (resp. ν G ) is induced by tensoring a linear source OG-module with K (resp. k) over O, and where η G is induced by taking the Brauer character of a trivial source kG-module. We will sometimes use the symbols κ, ν, and η without any index, if there is no risk of confusion. As a generalization of the above commutative diagram, we have the following Theorem.
Theorem Assume that P = u is a cyclic p-subgroup of G and that ζ ∈ O is a root of unity of the same order as u. Then the diagram
κι ⊗ ην
commutes, where ι denotes the inclusion Z[ζ] ⊂ K.
Proof Let s ∈ C G (P ) p and consider the diagram
res G usres G us
κκι ⊗ ηνι ⊗ ην

It is easy to verify that the outer most square commutes by noting that every indecomposable linear source O us -module is of the form Ind us H (O ψ ) for some subgroup H of us containing s. Moreover, the four squares surrounding the center square commute. In fact, this is trivial for the left, right, and bottom square, and for the top square it follows from the fact that Res By the surjectivity of κ G : L(OG) → R(KG) and by (2.3.a), the previous theorem has the following immediate corollary which includes Brauer's Second Main Theorem.
Corollary Assume the notation of Theorem 2.4, let σ be a central idempotent of OG, and let χ ∈ R(KGσ). Then d
For trivial source modules, Theorem 2.4 implies the following result.
Corollary Assume the notation of Theorem 2.4 and let σ be a central idempotent of OG. Then the diagram
κ Gην By Corollary 2.6, the Brauer construction for a cyclic p-subgroup can be viewed as a lift of the generalized decomposition map. But the Brauer construction exists for all p-subgroups. That raises the question if there exists also a generalized decomposition map for arbitrary p-subgroups on the character level. The following proposition gives an answer to this question.
Proposition For any p-subgroup P of G the following are equivalent:
(i) There exists a map d
κ
is commutative.
(ii) The group P is cyclic.
by Corollary 2.6 with σ = 1. Conversely, assume that P is not cyclic. We construct an element x ∈ K ⊗ T (OG) with the property that
Recall that the species s (Q,g) : K ⊗T (OG) → K induce an isomorphism between the K-algebra K ⊗ T (OG) and K × · · · × K. Here, for a p-subgroup Q of G, a p -element g ∈ N G (P ), and a trivial source OG-module V , the element s (Q,g) (V ) ∈ K is defined as the Brauer character ofV (Q) evaluated at g. Now, let x be the element with s (P,1) (x) = 1 and s(x) = 0 for all other species of T (OG). Then, the image χ of x in K ⊗ R(KG) is zero, since, viewing χ as a class function, one has χ(g) = s ( gp ,g p ) (x) = 0 for all g ∈ G. On the other hand, since s (P,1) (x) = 1 is the Brauer character value of x(P ) at the element 1, the image λ ∈ K ⊗ R(kC G (P )) of x, considered as a class function has the property that λ(1) = 1. 
By applying the decomposition map, we obtain
. . , n}. Note that we also have
, respectively, which implies
. Multiplying the first equation in (3.1.c) by ε i from both sides and using (3.1.a) we obtain ε i λ P ϕ i = 0 for all i = 1, . . . , n. Moreover, multiplying the first of the equations in (3.1.b) by ε i and the second by ϕ i from both sides, we obtain
, respectively. Moreover, it is easy to verify that the conditions of Proposition 4.1 in [Br90] are inher- H) and B e (D, G) satisfying the condition (i) of Lemma 1.10. To establish the property (ii), set (P, ε) := ζ(P, ϕ). Then it suffices to show that (
Next, we establish the property (iii). Set (P, ε) := ζ(P, ϕ) and (Q, δ) := ζ(Q, ψ). Since, for every inclusion (Q, δ) (P, ε) in B e (D, G) and every intermediate group Q Q P there exists a unique element (Q , δ ) ∈ B e (D, G) such that (Q, δ) (Q , δ ) (P, ε), we may assume that P = Q, x for some element x ∈ P . Note that x ∈ C D (Q), since D is abelian, so that we can apply the commutative diagram in 1.9(b)(ii).
First assume that (Q, ψ) (P, ϕ) and let (Q, δ ) be the unique element in B e (D, G) satisfying (Q, δ ) (P, ε). Then εbr P (δ ) = ε and ϕbr P (ψ) = ϕ. Since
− is an isomorphism and since d
using Brauer's Second Main Theorem or Cor. 2.5 for the last equality. This implies that δ λ Q ψ = 0 and δ = δ. Therefore, (Q, δ) (P, ε). Similarly, one shows that (Q, δ) (P, ε) implies (Q, ψ) (P, ϕ).
Finally, we establish the property (iv). Let a ∈ Hom(Q, P ) such that a ∈ Hom B f (H) ((Q, ψ), (P, ϕ)). Then there exists some h ∈ H such that a = c h : Q → P and h (Q, ψ) = (P, ϕ). But we also have a ∈ Hom F p (H) (Q, P ) = Hom Fp(G) (Q, P ) and there exists some g ∈ G such that c h = a = c g : Q → P . Now, by the properties in (ii) and (iii), we obtain ζ(P, ϕ) ). Similarly, one shows the converse inclusion. Thus, ζ can be regarded as an isomorphism between the categories B f (D, H) and B e (D, G) which is the identity on morphism sets. Since B e (D, G) contains an object from each isomorphism class of B e (G), the inclusion B e (D, G) ⊆ B e (G) is an equivalence. Similarly, the inclusion B f (D, H) ⊆ B f (H) is an equivalence. Altogether, this implies that the categories B e (G) and B f (H) are equivalent.
For the proof of Theorem 1.11 we will need several lemmas which we will state and prove first.
For any two p-subgroups P and Q of G we set
and for any two subpairs (Q, δ) and (P, ε) of G we set
Lemma Assume that D is abelian and let P D. Then one has
Proof Choose a Sylow e-subpair (D, ε) and let δ be the unique primitive , δ), (D, ε) ). Since D is abelian, N G (D, ε) controls the fusion of subpairs contained in (D, ε), cf. [AB79, Prop. 4.21], i.e., T G ((P, δ), (D, ε) ) ⊆ N G (D, ε)C G (P ), and the result follows.
Lemma Assume that D is abelian and that Hom
Proof By the Mackey decomposition formula and by standard facts about the Brauer construction we obtain
∆D. Since D is abelian and P 
D C H (P ). This implies
∆D .
Therefore, it suffices to show that (g,h) ∆D and ∆D are conjugate in
This implies that cm, c m , and c n all coincide on P so thatm −1 m ∈ C G (P ). Finally we obtain
the proof is completed in a similar way.
3.4
For the next lemma we have to introduce the following notation. Let L be a finite group and let P be a common subgroup of G, H, and L. For ϕ ∈ Hom(P, O × ) we denote by ∆ϕ ∈ Hom(∆P, O × ) the homomorphism given by ∆ϕ(x, x) = ϕ(x) for x ∈ P . If ψ ∈ Hom(P, O × ) and if X is an (OG, OH)-
for x ∈ X (∆P,∆ψ) and y ∈ Y (∆P,∆λ) . We leave it to the reader to check that this map is well-defined, a homomorphism of (k[C G (P )], k[C L (P )])-bimodules, and functorial in X and Y . Next we fix ϕ ∈ Hom(P, O × ) and define the map
as the sum of the maps f
This implies thatȲ L (∆P, ∆λ) =Ȳ (P, λ), and we obtain for ψ, λ ∈ Hom(P, O × ) (as a special case of f
with x ∈ X (∆P,∆ψ) and y ∈ Y (P,λ) , which is natural in X and Y . Again, for ϕ ∈ Hom(P, O × ) (as a special case of f
as the sum of the maps g X,Y P,ψ,λ , which is functorial in X and Y . first restricting the image of µ to P × L. By Mackey, we have an isomorphism
Lemma Assume the notation from (3.4) and let Q be a common subgroup of G and H. Furthermore, assume that R ⊆ G is a set of representatives of G/Q and set
of (OP, OL)-bimodules, where R ⊆ R is a set of representatives for the double cosets P \G/Q, and where for g ∈ R ,
Moreover, note that for g ∈ R one has P ∩ g Q = P if and only if g ∈ R . Next, we show that for g ∈ R R one has
Y . In fact, let S denote a set of representatives of P/R containing 1, where R := P ∩ g Q < P , and assume that y
and comparing summands with respect to the elements a ∈ S in the first factor we obtain ϕ(r)
By comparing summands with first factor a 0 we obtain ϕ(a 0 )y a0 = y 1 a
and the claim in (3.5.a) is proved. Combining the isomorphisms µ and ν we obtain the k-linear isomorphism ω := (µ −1 • ν)(∆P, ∆ϕ) which is given explicitly by ω :
is given by the component-wise map
g∈R which is a k-linear isomorphism. In fact, for g ∈ R , we had
Y and it is now easy to check that y → h 3.7 Now we are ready to prove Theorem 1.11. The following two arguments will be used repeatedly in the proof.
(a) For any α ∈ T (OG) and any p-subgroups P Q G one has α(P )(Q) = res 
(b) If, for elements α, β ∈ T P (OG), the generalized Brauer characters of α(Q) and β(Q) coincide for all Q P , then α = β. In fact, in this case all the species of T (OG) coincide on α and β. For more details see [Be84, Section 2.13] for example. 
, and therefore
Applying κ C G (P )×C G (P ) to (3.8.a) and κ C H (P )×C H (P ) to (3.8.b) we obtain 
−( x , x)
ν C H (P )(g) By Part (e) and Lemma 1.10(i), the conditions in (ii) and (iii) are equivalent. Moreover, (i) implies (ii) by applying the map κ. Next we show that (ii) implies (i). By the argument in 3.7(b), it suffices to show that the generalized Brauer character of (εγ(∆P )ϕ)(∆Q) vanishes for all Q D. But, by Lemma 2.2 and by 3.7(a), we have (εγ(∆P )ϕ)(∆Q) = br P Q (ε)γ(∆(P Q))br P Q (ϕ) and the Brauer character of the above element is equal to br P Q (ε)λ P Q br P Q (ϕ). So assume that the last element is not equal to zero. Then there exist primitive idempotents ε of Z(O[C G (P Q)]) and ϕ of Z(O[C H (P Q)]) such that ε Br P Q (ε) = ε , ϕ Br P Q (ϕ) = ϕ and ε λ P Q ϕ = 0. Then we have ζ(P Q, ϕ ) = (P Q, ε ), (P, ε) (P Q, ε ), and (P, ϕ) (P Q, ϕ ). If we set (P,ε) := ζ(P, ϕ), then, by Part (f), we also have (P,ε) (P Q, ε ). But, since also (P, ε) (P Q, ε ) we obtainε = ε and εµ P ϕ = 0, a contradiction. This completes the proof of Part (g).
(h) By [NT89, Theorem V.5.21] we know that D is a defect group of O[C G (P )]ε and of O[C H (P )]ϕ, and by Part (a) we know that εγ(∆P )ϕ is ∆D-projective. Moreover, if we write Br P (e) = ε 1 + · · · + ε n and Br P (f ) = ϕ 1 + · · · + ϕ n with ε 1 = ε, ϕ 1 = ϕ, and ζ(P, ϕ i ) = (P, ε i ) for i = 1, . . . , n, then γ(∆P ) = 
